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MOTIVATION & 
OBJECTIVES
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3Modeling Thermal Protection Systems (TPS)
Simulation of surface temperature
for MSL heatshield*1
Macroscale Modeling
Full scale material response solvers, using 
volume-averaged techniques to solve 
conservation equations for ablation
Lachaud and Mansour, JTHT 2013
Microscale Modeling
Used to inform material properties and 
material response parameters used in 
macro-scale modeling
*1 Meurisse, Jeremie BE, et al. "Multidimensional material response simulations of a full-scale 
tiled ablative heatshield." Aerospace Science and Technology 76 (2018): 497-511.
Porous Microstructure Analysis (PuMA)
4
Ferguson, J. C., Panerai, F., Borner, A., & Mansour, N. N. (2018).   
PuMA: the Porous Microstructure Analysis software. SoftwareX, 7, 81-87.
https://software.nasa.gov/software/ARC-17920-1
CT Reconstruction of FiberForm
Challenges in Micro-scale modeling
12-ply real 
TPS weave
Artificial weave 
generated with PuMA
As NASA moves towards 
woven TPS materials, our 
modeling must adapt
Computation of Effective Material Properties
Objectives
Physical and Numerical Model*2
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Fiber Orientation Estimation*1
*2 Federico Semeraro, Joseph C. Ferguson, Francesco Panerai, Nagi N. Mansour.  Anisotropic 
Analysis of Fibrous and Woven Porous Media, Part II: Computation of Effective Conductivity.  
Journal of Computational Physics [to appear]
*1 Federico Semeraro, Joseph C. Ferguson, Francesco Panerai, Robert J. King, Nagi N. 
Mansour.  Anisotropic Analysis of Fibrous and Woven Porous Media, Part I: Estimation 
of Local Material Orientation. Journal of Computational Physics [to appear]
FIBER ORIENTATION 
METHODS
7
Overview
• Ray Casting (novel)
• Artificial Flux*1
• Structure Tensor*2
8
*1 Matti Schneider, Matthias Kabel, Heiko Andrä, et al. Thermal fiber orientation tensors for digital
paper physics. International Journal of Solids and Structures 2016; 100-101 234 
*2 Krause M, Hausherr JM, Burgeth B, Herrmann C, Krenkel W. Determination of the fibre orientation
in composites using the structure tensor and local x-ray transform. J Mater Sci 2010; 45(4):888–96.
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<latexit sha1_base64="3CkWVDhsi+JJcUtlFYGJvMPX6mo=">AAACAHicbVDLSsNAFJ3UV62 vqAsXbgaLoCBloqIui25cVrAPSGKZTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JEs6URujbKi0sLi2vlFcra+sbm1v29k5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HwZuy3H 6lULBb3epRQP8J9wUJGsDZS197zkgGDHhMuOjm7QA+ZR5gk+XHXrqIamgDOE6cgVVCg0bW/vF5M0ogKTThWynVQov0MS80Ip3nFSxVNMBniPnUNFTiiys8mD+Tw0Cg9GMbSlNBwov6eyHCk1CgKTG eE9UDNemPxP89NdXjlZ0wkqaaCTBeFKYc6huM0YI9JSjQfGYKJZOZWSAZYYqJNZhUTgjP78jxpndYcVHPuzqv16yKOMtgHB+AIOOAS1MEtaIAmICAHz+AVvFlP1ov1bn1MW0tWMbML/sD6/AHktpV N</latexit><latexit sha1_base64="3CkWVDhsi+JJcUtlFYGJvMPX6mo=">AAACAHicbVDLSsNAFJ3UV62 vqAsXbgaLoCBloqIui25cVrAPSGKZTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JEs6URujbKi0sLi2vlFcra+sbm1v29k5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HwZuy3H 6lULBb3epRQP8J9wUJGsDZS197zkgGDHhMuOjm7QA+ZR5gk+XHXrqIamgDOE6cgVVCg0bW/vF5M0ogKTThWynVQov0MS80Ip3nFSxVNMBniPnUNFTiiys8mD+Tw0Cg9GMbSlNBwov6eyHCk1CgKTG eE9UDNemPxP89NdXjlZ0wkqaaCTBeFKYc6huM0YI9JSjQfGYKJZOZWSAZYYqJNZhUTgjP78jxpndYcVHPuzqv16yKOMtgHB+AIOOAS1MEtaIAmICAHz+AVvFlP1ov1bn1MW0tWMbML/sD6/AHktpV N</latexit><latexit sha1_base64="3CkWVDhsi+JJcUtlFYGJvMPX6mo=">AAACAHicbVDLSsNAFJ3UV62 vqAsXbgaLoCBloqIui25cVrAPSGKZTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JEs6URujbKi0sLi2vlFcra+sbm1v29k5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HwZuy3H 6lULBb3epRQP8J9wUJGsDZS197zkgGDHhMuOjm7QA+ZR5gk+XHXrqIamgDOE6cgVVCg0bW/vF5M0ogKTThWynVQov0MS80Ip3nFSxVNMBniPnUNFTiiys8mD+Tw0Cg9GMbSlNBwov6eyHCk1CgKTG eE9UDNemPxP89NdXjlZ0wkqaaCTBeFKYc6huM0YI9JSjQfGYKJZOZWSAZYYqJNZhUTgjP78jxpndYcVHPuzqv16yKOMtgHB+AIOOAS1MEtaIAmICAHz+AVvFlP1ov1bn1MW0tWMbML/sD6/AHktpV N</latexit><latexit sha1_base64="3CkWVDhsi+JJcUtlFYGJvMPX6mo=">AAACAHicbVDLSsNAFJ3UV62 vqAsXbgaLoCBloqIui25cVrAPSGKZTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JEs6URujbKi0sLi2vlFcra+sbm1v29k5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HwZuy3H 6lULBb3epRQP8J9wUJGsDZS197zkgGDHhMuOjm7QA+ZR5gk+XHXrqIamgDOE6cgVVCg0bW/vF5M0ogKTThWynVQov0MS80Ip3nFSxVNMBniPnUNFTiiys8mD+Tw0Cg9GMbSlNBwov6eyHCk1CgKTG eE9UDNemPxP89NdXjlZ0wkqaaCTBeFKYc6huM0YI9JSjQfGYKJZOZWSAZYYqJNZhUTgjP78jxpndYcVHPuzqv16yKOMtgHB+AIOOAS1MEtaIAmICAHz+AVvFlP1ov1bn1MW0tWMbML/sD6/AHktpV N</latexit>
Artificial Flux
10
i, j i+1, ji-1, j
i, j-1
i, j+1
!, #
CGLS
#$%&' = 0
#*%+&' = 1
Ti+1/2 =
ki+1
ki + ki+1
Ti+1 +
ki
ki + ki+1
Ti
<latexit sha1_base64="LWE8+nbLIdNmle7pDE5ywBa4xHg=" >AAACMHicbVDLSsNAFJ3UV62vqEs3g0UQCjUpBd0IBRe6rNAXtCFMppN26GQSZiZCCfkkN36KbhQUcetXOE1T0NYLA+eecy537vEiR qWyrDejsLa+sblV3C7t7O7tH5iHRx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepObmd59IELSkLfUNCJOgEac+hQjpSnXvG25Ca3 YF7X0euALhJNJ1qepBrSyaOamtLKw0GWZumbZqlpZwVVg56AM8mq65vNgGOI4IFxhhqTs21aknAQJRTEjaWkQSxIhPEEj0teQo4BI J8kOTuGZZobQD4V+XMGM/T2RoEDKaeBpZ4DUWC5rM/I/rR8r/8pJKI9iRTieL/JjBlUIZ+nBIRUEKzbVAGFB9V8hHiMditIZl3QI9v LJq6BTq9pW1b6vlxv1PI4iOAGn4BzY4BI0wB1ogjbA4BG8gHfwYTwZr8an8TW3Fox85hj8KeP7B+UbqXw=</latexit><latexit sha1_base64="LWE8+nbLIdNmle7pDE5ywBa4xHg=" >AAACMHicbVDLSsNAFJ3UV62vqEs3g0UQCjUpBd0IBRe6rNAXtCFMppN26GQSZiZCCfkkN36KbhQUcetXOE1T0NYLA+eecy537vEiR qWyrDejsLa+sblV3C7t7O7tH5iHRx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepObmd59IELSkLfUNCJOgEac+hQjpSnXvG25Ca3 YF7X0euALhJNJ1qepBrSyaOamtLKw0GWZumbZqlpZwVVg56AM8mq65vNgGOI4IFxhhqTs21aknAQJRTEjaWkQSxIhPEEj0teQo4BI J8kOTuGZZobQD4V+XMGM/T2RoEDKaeBpZ4DUWC5rM/I/rR8r/8pJKI9iRTieL/JjBlUIZ+nBIRUEKzbVAGFB9V8hHiMditIZl3QI9v LJq6BTq9pW1b6vlxv1PI4iOAGn4BzY4BI0wB1ogjbA4BG8gHfwYTwZr8an8TW3Fox85hj8KeP7B+UbqXw=</latexit><latexit sha1_base64="LWE8+nbLIdNmle7pDE5ywBa4xHg=" >AAACMHicbVDLSsNAFJ3UV62vqEs3g0UQCjUpBd0IBRe6rNAXtCFMppN26GQSZiZCCfkkN36KbhQUcetXOE1T0NYLA+eecy537vEiR qWyrDejsLa+sblV3C7t7O7tH5iHRx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepObmd59IELSkLfUNCJOgEac+hQjpSnXvG25Ca3 YF7X0euALhJNJ1qepBrSyaOamtLKw0GWZumbZqlpZwVVg56AM8mq65vNgGOI4IFxhhqTs21aknAQJRTEjaWkQSxIhPEEj0teQo4BI J8kOTuGZZobQD4V+XMGM/T2RoEDKaeBpZ4DUWC5rM/I/rR8r/8pJKI9iRTieL/JjBlUIZ+nBIRUEKzbVAGFB9V8hHiMditIZl3QI9v LJq6BTq9pW1b6vlxv1PI4iOAGn4BzY4BI0wB1ogjbA4BG8gHfwYTwZr8an8TW3Fox85hj8KeP7B+UbqXw=</latexit><latexit sha1_base64="LWE8+nbLIdNmle7pDE5ywBa4xHg=" >AAACMHicbVDLSsNAFJ3UV62vqEs3g0UQCjUpBd0IBRe6rNAXtCFMppN26GQSZiZCCfkkN36KbhQUcetXOE1T0NYLA+eecy537vEiR qWyrDejsLa+sblV3C7t7O7tH5iHRx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepObmd59IELSkLfUNCJOgEac+hQjpSnXvG25Ca3 YF7X0euALhJNJ1qepBrSyaOamtLKw0GWZumbZqlpZwVVg56AM8mq65vNgGOI4IFxhhqTs21aknAQJRTEjaWkQSxIhPEEj0teQo4BI J8kOTuGZZobQD4V+XMGM/T2RoEDKaeBpZ4DUWC5rM/I/rR8r/8pJKI9iRTieL/JjBlUIZ+nBIRUEKzbVAGFB9V8hHiMditIZl3QI9v LJq6BTq9pW1b6vlxv1PI4iOAGn4BzY4BI0wB1ogjbA4BG8gHfwYTwZr8an8TW3Fox85hj8KeP7B+UbqXw=</latexit>
Structure Tensor
11
I(x)
<latexit sha1_base64="C3h/ YsJiu+eAYHxj8FpmMV75nhg=">AAAB63icbVA9SwNBEJ2LXzF+R S1tFoMQm3AnAS0sAjbaRTAfkBxhb7OXLNndO3b3xHDkL9hYKGLr H7Lz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1 A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuMr/zSJVmk Xww05j6Ao8kCxnBJpPuqk/ng3LFrblzoFXi5aQCOZqD8ld/GJFE UGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwx RGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8 KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXNc+te ff1SuM6j6MIJ3AKVfDgEhpwC01oAYExPMMrvDnCeXHenY9Fa8HJ Z47hD5zPHz5Gja4=</latexit><latexit sha1_base64="C3h/ YsJiu+eAYHxj8FpmMV75nhg=">AAAB63icbVA9SwNBEJ2LXzF+R S1tFoMQm3AnAS0sAjbaRTAfkBxhb7OXLNndO3b3xHDkL9hYKGLr H7Lz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1 A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuMr/zSJVmk Xww05j6Ao8kCxnBJpPuqk/ng3LFrblzoFXi5aQCOZqD8ld/GJFE UGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwx RGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8 KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXNc+te ff1SuM6j6MIJ3AKVfDgEhpwC01oAYExPMMrvDnCeXHenY9Fa8HJ Z47hD5zPHz5Gja4=</latexit><latexit sha1_base64="C3h/ YsJiu+eAYHxj8FpmMV75nhg=">AAAB63icbVA9SwNBEJ2LXzF+R S1tFoMQm3AnAS0sAjbaRTAfkBxhb7OXLNndO3b3xHDkL9hYKGLr H7Lz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1 A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuMr/zSJVmk Xww05j6Ao8kCxnBJpPuqk/ng3LFrblzoFXi5aQCOZqD8ld/GJFE UGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwx RGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8 KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXNc+te ff1SuM6j6MIJ3AKVfDgEhpwC01oAYExPMMrvDnCeXHenY9Fa8HJ Z47hD5zPHz5Gja4=</latexit><latexit sha1_base64="C3h/ YsJiu+eAYHxj8FpmMV75nhg=">AAAB63icbVA9SwNBEJ2LXzF+R S1tFoMQm3AnAS0sAjbaRTAfkBxhb7OXLNndO3b3xHDkL9hYKGLr H7Lz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1 A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xuMr/zSJVmk Xww05j6Ao8kCxnBJpPuqk/ng3LFrblzoFXi5aQCOZqD8ld/GJFE UGkIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNUYkG1n85vnaEzqwx RGClb0qC5+nsixULrqQhsp8BmrJe9TPzP6yUmvPJTJuPEUEkWi8 KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXNc+te ff1SuM6j6MIJ3AKVfDgEhpwC01oAYExPMMrvDnCeXHenY9Fa8HJ Z47hD5zPHz5Gja4=</latexit>
(I(x+ v)  I(x))2 ⇡ 0
<latexit sha1 _base64="zNbTdlEF5BYrdnmg/ PDxjJ4GvOo=">AAACAnicbVDL SgMxFM3UV62vUVfiJliEFrHMF EEXLgpudFfBPqAdSybNtKGZSUg ypWUobvwVNy4UcetXuPNvTNtZ aPXA5R7OuZfkHl8wqrTjfFmZpe WV1bXsem5jc2t7x97dqyseS0x qmDMumz5ShNGI1DTVjDSFJCj0G Wn4g6up3xgSqSiP7vRYEC9EvY gGFCNtpI59ULgpjE6GxVPTisX 7MmwjISQfQadj552SMwP8S9yU5 EGKasf+bHc5jkMSacyQUi3XEd pLkNQUMzLJtWNFBMID1CMtQyMU EuUlsxMm8NgoXRhwaSrScKb+3 EhQqNQ49M1kiHRfLXpT8T+vFev gwktoJGJNIjx/KIgZ1BxO84Bd KgnWbGwIwpKav0LcRxJhbVLLm RDcxZP/knq55Dol9/YsX7lM48i CQ3AECsAF56ACrkEV1AAGD+AJ vIBX69F6tt6s9/loxkp39sEvWB /fYuqU2A==</latexit><latexit sha1 _base64="zNbTdlEF5BYrdnmg/ PDxjJ4GvOo=">AAACAnicbVDL SgMxFM3UV62vUVfiJliEFrHMF EEXLgpudFfBPqAdSybNtKGZSUg ypWUobvwVNy4UcetXuPNvTNtZ aPXA5R7OuZfkHl8wqrTjfFmZpe WV1bXsem5jc2t7x97dqyseS0x qmDMumz5ShNGI1DTVjDSFJCj0G Wn4g6up3xgSqSiP7vRYEC9EvY gGFCNtpI59ULgpjE6GxVPTisX 7MmwjISQfQadj552SMwP8S9yU5 EGKasf+bHc5jkMSacyQUi3XEd pLkNQUMzLJtWNFBMID1CMtQyMU EuUlsxMm8NgoXRhwaSrScKb+3 EhQqNQ49M1kiHRfLXpT8T+vFev gwktoJGJNIjx/KIgZ1BxO84Bd KgnWbGwIwpKav0LcRxJhbVLLm RDcxZP/knq55Dol9/YsX7lM48i CQ3AECsAF56ACrkEV1AAGD+AJ vIBX69F6tt6s9/loxkp39sEvWB /fYuqU2A==</latexit><latexit sha1 _base64="zNbTdlEF5BYrdnmg/ PDxjJ4GvOo=">AAACAnicbVDL SgMxFM3UV62vUVfiJliEFrHMF EEXLgpudFfBPqAdSybNtKGZSUg ypWUobvwVNy4UcetXuPNvTNtZ aPXA5R7OuZfkHl8wqrTjfFmZpe WV1bXsem5jc2t7x97dqyseS0x qmDMumz5ShNGI1DTVjDSFJCj0G Wn4g6up3xgSqSiP7vRYEC9EvY gGFCNtpI59ULgpjE6GxVPTisX 7MmwjISQfQadj552SMwP8S9yU5 EGKasf+bHc5jkMSacyQUi3XEd pLkNQUMzLJtWNFBMID1CMtQyMU EuUlsxMm8NgoXRhwaSrScKb+3 EhQqNQ49M1kiHRfLXpT8T+vFev gwktoJGJNIjx/KIgZ1BxO84Bd KgnWbGwIwpKav0LcRxJhbVLLm RDcxZP/knq55Dol9/YsX7lM48i CQ3AECsAF56ACrkEV1AAGD+AJ vIBX69F6tt6s9/loxkp39sEvWB /fYuqU2A==</latexit><latexit sha1 _base64="zNbTdlEF5BYrdnmg/ PDxjJ4GvOo=">AAACAnicbVDL SgMxFM3UV62vUVfiJliEFrHMF EEXLgpudFfBPqAdSybNtKGZSUg ypWUobvwVNy4UcetXuPNvTNtZ aPXA5R7OuZfkHl8wqrTjfFmZpe WV1bXsem5jc2t7x97dqyseS0x qmDMumz5ShNGI1DTVjDSFJCj0G Wn4g6up3xgSqSiP7vRYEC9EvY gGFCNtpI59ULgpjE6GxVPTisX 7MmwjISQfQadj552SMwP8S9yU5 EGKasf+bHc5jkMSacyQUi3XEd pLkNQUMzLJtWNFBMID1CMtQyMU EuUlsxMm8NgoXRhwaSrScKb+3 EhQqNQ49M1kiHRfLXpT8T+vFev gwktoJGJNIjx/KIgZ1BxO84Bd KgnWbGwIwpKav0LcRxJhbVLLm RDcxZP/knq55Dol9/YsX7lM48i CQ3AECsAF56ACrkEV1AAGD+AJ vIBX69F6tt6s9/loxkp39sEvWB /fYuqU2A==</latexit>
v
<latexit sha1_base64="iknR Amzm4Ei5LEqOYuxGPEPxo7A=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+ JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/ LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj 2aaoB/RoeQhZ9RYqTHplytu1V2ArBMvJxXIUe+Xv3qDmKURSsME 1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1v SkIX6eyKjkdbTKLCdETUjverNxf+8bmrCWz/jMkkNSrZcFKaCmJ jMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXa nd5HEU4g3O4BA9uoAYPUIcmMEB4hld4c56cF+fd+Vi2Fpx85hT+ wPn8AeFjjPQ=</latexit><latexit sha1_base64="iknR Amzm4Ei5LEqOYuxGPEPxo7A=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+ JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/ LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj 2aaoB/RoeQhZ9RYqTHplytu1V2ArBMvJxXIUe+Xv3qDmKURSsME 1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1v SkIX6eyKjkdbTKLCdETUjverNxf+8bmrCWz/jMkkNSrZcFKaCmJ jMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXa nd5HEU4g3O4BA9uoAYPUIcmMEB4hld4c56cF+fd+Vi2Fpx85hT+ wPn8AeFjjPQ=</latexit><latexit sha1_base64="iknR Amzm4Ei5LEqOYuxGPEPxo7A=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+ JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/ LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj 2aaoB/RoeQhZ9RYqTHplytu1V2ArBMvJxXIUe+Xv3qDmKURSsME 1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1v SkIX6eyKjkdbTKLCdETUjverNxf+8bmrCWz/jMkkNSrZcFKaCmJ jMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXa nd5HEU4g3O4BA9uoAYPUIcmMEB4hld4c56cF+fd+Vi2Fpx85hT+ wPn8AeFjjPQ=</latexit><latexit sha1_base64="iknR Amzm4Ei5LEqOYuxGPEPxo7A=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+ JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/ LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj 2aaoB/RoeQhZ9RYqTHplytu1V2ArBMvJxXIUe+Xv3qDmKURSsME 1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1v SkIX6eyKjkdbTKLCdETUjverNxf+8bmrCWz/jMkkNSrZcFKaCmJ jMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXa nd5HEU4g3O4BA9uoAYPUIcmMEB4hld4c56cF+fd+Vi2Fpx85hT+ wPn8AeFjjPQ=</latexit>
4 Steps:
1.
2.
3.
4. Local orientation vector     is 
the eigenvector related to the 
smallest eigenvalue of  
J⇢(x) = ⇢ ⇤ (rI rIT  )
<latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit>
v
<latexit sha1_base64="iknRAmzm4Ei5LEqOYuxGPEPxo7A=" >AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiu Dau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj2aaoB/RoeQhZ9RYqTHplytu1V2 ArBMvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1vSkIX6eyKjkdbTKLCdETUjverN xf+8bmrCWz/jMkkNSrZcFKaCmJjMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXand5HEU4g3O4BA9uoAYPUIcmME B4hld4c56cF+fd+Vi2Fpx85hT+wPn8AeFjjPQ=</latexit><latexit sha1_base64="iknRAmzm4Ei5LEqOYuxGPEPxo7A=" >AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiu Dau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj2aaoB/RoeQhZ9RYqTHplytu1V2 ArBMvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1vSkIX6eyKjkdbTKLCdETUjverN xf+8bmrCWz/jMkkNSrZcFKaCmJjMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXand5HEU4g3O4BA9uoAYPUIcmME B4hld4c56cF+fd+Vi2Fpx85hT+wPn8AeFjjPQ=</latexit><latexit sha1_base64="iknRAmzm4Ei5LEqOYuxGPEPxo7A=" >AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiu Dau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj2aaoB/RoeQhZ9RYqTHplytu1V2 ArBMvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1vSkIX6eyKjkdbTKLCdETUjverN xf+8bmrCWz/jMkkNSrZcFKaCmJjMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXand5HEU4g3O4BA9uoAYPUIcmME B4hld4c56cF+fd+Vi2Fpx85hT+wPn8AeFjjPQ=</latexit><latexit sha1_base64="iknRAmzm4Ei5LEqOYuxGPEPxo7A=" >AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGOZgPmA5Ah7m7lkzd7esbsXCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiu Dau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH4/u5356g0jyWj2aaoB/RoeQhZ9RYqTHplytu1V2 ArBMvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLQ6dkQurDEgYK1vSkIX6eyKjkdbTKLCdETUjverN xf+8bmrCWz/jMkkNSrZcFKaCmJjMvyYDrpAZMbWEMsXtrYSNqKLM2GxKNgRv9eV10rqqem7Va1xXand5HEU4g3O4BA9uoAYPUIcmME B4hld4c56cF+fd+Vi2Fpx85hT+wPn8AeFjjPQ=</latexit>
J⇢(x) = ⇢ ⇤ (rI rIT  )
<latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFqA3Mg1wTXnC3LB/doGcrA08Q=" >AAACJnicbZDLSgMxFIYz9VbrrerSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3HjoiLizkcxvSy09UDg4//P4eT8f sSZ0rb9ZaVWVtfWN9Kbma3tnd297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqFQtFVQ8j6gXQE6zLCGgjtbOlu3b iyn44yj8VcAlPEJ/ivCvA54BvjalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrUcO9JeAlIzwuko48aKRkAG0KMt gwICqrxkeuYInxilg7uhNE9oPFV/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTzHCHSUo0HxoAIpn5KyZ9kEC0ST ZjQnAWT16G+lnRsYvO/XmufDWPI42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH/K+v4BgYqj8w==</latexit>
rI (x) = r(  ⇤ I(x))
<latexit sha1_base64="DH8dgvGXYaDa9LnhgX2igOiAkps=" >AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hxoYhbcefbmLaz0NYfAj/fOYeT8 /sRZ0o7zreVWVpeWV3Lruc2Nre2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuqVQsFHd6FNF2AH3BeoyANqhjn3g CfA640kk8xfoBjAsPRXyFU1yYQXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJSM8LpOOfFikZAhtCnLWMFBFS1 k+lZY3xkSBf3Qmme0HhKf08kECg1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0XxkDBDJzF8xGYAEok2SOROCO3 /yoqmfllyn5N6e5cuXaRxZdIAOUQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1yonOg=</latexit><latexit sha1_base64="DH8dgvGXYaDa9LnhgX2igOiAkps=" >AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hxoYhbcefbmLaz0NYfAj/fOYeT8 /sRZ0o7zreVWVpeWV3Lruc2Nre2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuqVQsFHd6FNF2AH3BeoyANqhjn3g CfA640kk8xfoBjAsPRXyFU1yYQXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJSM8LpOOfFikZAhtCnLWMFBFS1 k+lZY3xkSBf3Qmme0HhKf08kECg1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0XxkDBDJzF8xGYAEok2SOROCO3 /yoqmfllyn5N6e5cuXaRxZdIAOUQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1yonOg=</latexit><latexit sha1_base64="DH8dgvGXYaDa9LnhgX2igOiAkps=" >AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hxoYhbcefbmLaz0NYfAj/fOYeT8 /sRZ0o7zreVWVpeWV3Lruc2Nre2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuqVQsFHd6FNF2AH3BeoyANqhjn3g CfA640kk8xfoBjAsPRXyFU1yYQXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJSM8LpOOfFikZAhtCnLWMFBFS1 k+lZY3xkSBf3Qmme0HhKf08kECg1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0XxkDBDJzF8xGYAEok2SOROCO3 /yoqmfllyn5N6e5cuXaRxZdIAOUQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1yonOg=</latexit><latexit sha1_base64="DH8dgvGXYaDa9LnhgX2igOiAkps=" >AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hxoYhbcefbmLaz0NYfAj/fOYeT8 /sRZ0o7zreVWVpeWV3Lruc2Nre2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuqVQsFHd6FNF2AH3BeoyANqhjn3g CfA640kk8xfoBjAsPRXyFU1yYQXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJSM8LpOOfFikZAhtCnLWMFBFS1 k+lZY3xkSBf3Qmme0HhKf08kECg1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0XxkDBDJzF8xGYAEok2SOROCO3 /yoqmfllyn5N6e5cuXaRxZdIAOUQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1yonOg=</latexit>
Conductivity Tensor Rotation
12
v = vxi+ vyj + vzk
<latexit sha1_base64="3ZoI4LgA/6SwjyP5VDpp/Ick63U=">AAACM3icbZBLS8NAEMc 3Pmt9RT16WSyCIJREBL0IRS/iqYJ9QBvCZrNp124e7G6KMeQ7efGLeBDEgyJe/Q5u2hxi68Cyf34zw8z8nYhRIQ3jTVtYXFpeWa2sVdc3Nre29Z3dtghjjkkLhyzkXQcJwmhAWpJKRroRJ 8h3GOk4o6s83xkTLmgY3MkkIpaPBgH1KEZSIVu/6Tshc0Xiqy8dZ/ACju2HMqMZPFYsKbP7KXsss1Fm6zWjbkwCzguzEDVQRNPWX/puiGOfBBIzJETPNCJppYhLihnJqv1YkAjhERqQnpI B8omw0snNGTxUxIVeyNULJJzQckeKfJGvpip9JIdiNpfD/3K9WHrnVkqDKJYkwNNBXsygDGFuIHQpJ1iyRAmEOVW7QjxEHGGpbK4qE8zZk+dF+6RuGnXz9rTWuCzsqIB9cACOgAnOQANcg yZoAQyewCv4AJ/as/aufWnf09IFrejZA39C+/kFjEusrA==</latexit><latexit sha1_base64="3ZoI4LgA/6SwjyP5VDpp/Ick63U=">AAACM3icbZBLS8NAEMc 3Pmt9RT16WSyCIJREBL0IRS/iqYJ9QBvCZrNp124e7G6KMeQ7efGLeBDEgyJe/Q5u2hxi68Cyf34zw8z8nYhRIQ3jTVtYXFpeWa2sVdc3Nre29Z3dtghjjkkLhyzkXQcJwmhAWpJKRroRJ 8h3GOk4o6s83xkTLmgY3MkkIpaPBgH1KEZSIVu/6Tshc0Xiqy8dZ/ACju2HMqMZPFYsKbP7KXsss1Fm6zWjbkwCzguzEDVQRNPWX/puiGOfBBIzJETPNCJppYhLihnJqv1YkAjhERqQnpI B8omw0snNGTxUxIVeyNULJJzQckeKfJGvpip9JIdiNpfD/3K9WHrnVkqDKJYkwNNBXsygDGFuIHQpJ1iyRAmEOVW7QjxEHGGpbK4qE8zZk+dF+6RuGnXz9rTWuCzsqIB9cACOgAnOQANcg yZoAQyewCv4AJ/as/aufWnf09IFrejZA39C+/kFjEusrA==</latexit><latexit sha1_base64="3ZoI4LgA/6SwjyP5VDpp/Ick63U=">AAACM3icbZBLS8NAEMc 3Pmt9RT16WSyCIJREBL0IRS/iqYJ9QBvCZrNp124e7G6KMeQ7efGLeBDEgyJe/Q5u2hxi68Cyf34zw8z8nYhRIQ3jTVtYXFpeWa2sVdc3Nre29Z3dtghjjkkLhyzkXQcJwmhAWpJKRroRJ 8h3GOk4o6s83xkTLmgY3MkkIpaPBgH1KEZSIVu/6Tshc0Xiqy8dZ/ACju2HMqMZPFYsKbP7KXsss1Fm6zWjbkwCzguzEDVQRNPWX/puiGOfBBIzJETPNCJppYhLihnJqv1YkAjhERqQnpI B8omw0snNGTxUxIVeyNULJJzQckeKfJGvpip9JIdiNpfD/3K9WHrnVkqDKJYkwNNBXsygDGFuIHQpJ1iyRAmEOVW7QjxEHGGpbK4qE8zZk+dF+6RuGnXz9rTWuCzsqIB9cACOgAnOQANcg yZoAQyewCv4AJ/as/aufWnf09IFrejZA39C+/kFjEusrA==</latexit><latexit sha1_base64="3ZoI4LgA/6SwjyP5VDpp/Ick63U=">AAACM3icbZBLS8NAEMc 3Pmt9RT16WSyCIJREBL0IRS/iqYJ9QBvCZrNp124e7G6KMeQ7efGLeBDEgyJe/Q5u2hxi68Cyf34zw8z8nYhRIQ3jTVtYXFpeWa2sVdc3Nre29Z3dtghjjkkLhyzkXQcJwmhAWpJKRroRJ 8h3GOk4o6s83xkTLmgY3MkkIpaPBgH1KEZSIVu/6Tshc0Xiqy8dZ/ACju2HMqMZPFYsKbP7KXsss1Fm6zWjbkwCzguzEDVQRNPWX/puiGOfBBIzJETPNCJppYhLihnJqv1YkAjhERqQnpI B8omw0snNGTxUxIVeyNULJJzQckeKfJGvpip9JIdiNpfD/3K9WHrnVkqDKJYkwNNBXsygDGFuIHQpJ1iyRAmEOVW7QjxEHGGpbK4qE8zZk+dF+6RuGnXz9rTWuCzsqIB9cACOgAnOQANcg yZoAQyewCv4AJ/as/aufWnf09IFrejZA39C+/kFjEusrA==</latexit>
k00 =
24kLong. 0 00 kTrans. 0
0 0 kTrans.
35
<latexit sha1_base64="613wfRW+Dlrdf+9rD5u2Jsrz6zs=">AAACY3icbVHLSsQwFE3ru77qYydCcPCxGloRdCOIb ly4GMFRYToOaXpnDJMmJUnFscxPunPnxv8w7RTxdeGSk3PuvUlO4owzbYLgzXGnpmdm5+YXvMWl5ZVVf239VstcUWhTyaW6j4kGzgS0DTMc7jMFJI053MXDi1K/ewKlmRQ3ZpRBNyUDwfqMEmOpnv8SxZInepTapRiO9/fxqRfFMGCiiFNiFHsee9j G8KG4kmLQHOM9HFQZRZVQbqx4o4jQtfpN+al6EYjka27PbwTNoAr8F4Q1aKA6Wj3/NUokzVMQhnKidScMMtMtiDKMcrDTcw0ZoUMygI6FgqSgu0Xl0RjvWibBfalsCoMr9ntHQVJd2mAr7f0e9W+tJP/TOrnpn3QLJrLcgKCTg/o5x0bi0nCcMAXU8 JEFhCpm74rpI1GEGvstnjUh/P3kv+D2sBkGzfD6qHF2Xtsxj7bQDjpAITpGZ+gStVAbUfTuzDqrju98uIvuurs5KXWdumcD/Qh3+xMZxa88</latexit><latexit sha1_base64="613wfRW+Dlrdf+9rD5u2Jsrz6zs=">AAACY3icbVHLSsQwFE3ru77qYydCcPCxGloRdCOIb ly4GMFRYToOaXpnDJMmJUnFscxPunPnxv8w7RTxdeGSk3PuvUlO4owzbYLgzXGnpmdm5+YXvMWl5ZVVf239VstcUWhTyaW6j4kGzgS0DTMc7jMFJI053MXDi1K/ewKlmRQ3ZpRBNyUDwfqMEmOpnv8SxZInepTapRiO9/fxqRfFMGCiiFNiFHsee9j G8KG4kmLQHOM9HFQZRZVQbqx4o4jQtfpN+al6EYjka27PbwTNoAr8F4Q1aKA6Wj3/NUokzVMQhnKidScMMtMtiDKMcrDTcw0ZoUMygI6FgqSgu0Xl0RjvWibBfalsCoMr9ntHQVJd2mAr7f0e9W+tJP/TOrnpn3QLJrLcgKCTg/o5x0bi0nCcMAXU8 JEFhCpm74rpI1GEGvstnjUh/P3kv+D2sBkGzfD6qHF2Xtsxj7bQDjpAITpGZ+gStVAbUfTuzDqrju98uIvuurs5KXWdumcD/Qh3+xMZxa88</latexit><latexit sha1_base64="613wfRW+Dlrdf+9rD5u2Jsrz6zs=">AAACY3icbVHLSsQwFE3ru77qYydCcPCxGloRdCOIb ly4GMFRYToOaXpnDJMmJUnFscxPunPnxv8w7RTxdeGSk3PuvUlO4owzbYLgzXGnpmdm5+YXvMWl5ZVVf239VstcUWhTyaW6j4kGzgS0DTMc7jMFJI053MXDi1K/ewKlmRQ3ZpRBNyUDwfqMEmOpnv8SxZInepTapRiO9/fxqRfFMGCiiFNiFHsee9j G8KG4kmLQHOM9HFQZRZVQbqx4o4jQtfpN+al6EYjka27PbwTNoAr8F4Q1aKA6Wj3/NUokzVMQhnKidScMMtMtiDKMcrDTcw0ZoUMygI6FgqSgu0Xl0RjvWibBfalsCoMr9ntHQVJd2mAr7f0e9W+tJP/TOrnpn3QLJrLcgKCTg/o5x0bi0nCcMAXU8 JEFhCpm74rpI1GEGvstnjUh/P3kv+D2sBkGzfD6qHF2Xtsxj7bQDjpAITpGZ+gStVAbUfTuzDqrju98uIvuurs5KXWdumcD/Qh3+xMZxa88</latexit><latexit sha1_base64="613wfRW+Dlrdf+9rD5u2Jsrz6zs=">AAACY3icbVHLSsQwFE3ru77qYydCcPCxGloRdCOIb ly4GMFRYToOaXpnDJMmJUnFscxPunPnxv8w7RTxdeGSk3PuvUlO4owzbYLgzXGnpmdm5+YXvMWl5ZVVf239VstcUWhTyaW6j4kGzgS0DTMc7jMFJI053MXDi1K/ewKlmRQ3ZpRBNyUDwfqMEmOpnv8SxZInepTapRiO9/fxqRfFMGCiiFNiFHsee9j G8KG4kmLQHOM9HFQZRZVQbqx4o4jQtfpN+al6EYjka27PbwTNoAr8F4Q1aKA6Wj3/NUokzVMQhnKidScMMtMtiDKMcrDTcw0ZoUMygI6FgqSgu0Xl0RjvWibBfalsCoMr9ntHQVJd2mAr7f0e9W+tJP/TOrnpn3QLJrLcgKCTg/o5x0bi0nCcMAXU8 JEFhCpm74rpI1GEGvstnjUh/P3kv+D2sBkGzfD6qHF2Xtsxj7bQDjpAITpGZ+gStVAbUfTuzDqrju98uIvuurs5KXWdumcD/Qh3+xMZxa88</latexit>
R =
24cos ✓ 0   sin ✓0 1 0
sin ✓ 0 cos ✓
3524 cos  sin  0  sin  cos  0
0 0 1
35
<latexit sha1_base64="Ataz/+A6KalsjdqCcq6Zy HDrB+4=">AAAC6HicdVJNb9QwEHVCoSV8dIEjF6srEJeukqoSXJAquHAsqNtWWq9WjjO7a+rYkT2pWEX7C7hw ACGu/CRu/Bpwsmm7aWEkKy9v3vOMPU4LJR3G8e8gvLVx+87m1t3o3v0HD7d7jx4fO1NaAUNhlLGnKXegpIYh SlRwWljgeargJD17W+dPzsE6afQRLgoY53ym5VQKjp6a9P6w1KjMLXL/qT4s6WsasRRmUldpztHKT8uI+mDCu IrhHJAv6XMa+7XLnFddcIw1ujqRNIKW6IhWxvW9IgY6uyr1/9LFXNb+1Xbtz2WR3Q7dMcTrnTXddUtOev14ED dBb4KkBX3SxuGk94tlRpQ5aBSKOzdK4gLHFbcohQJ/hNJBwcUZn8HIQ81zcOOqGdSSPvNMRqfG+qWRNuy6o+K 5q2fhlb6/ubueq8l/5UYlTl+NK6mLEkGLVaFpqSgaWk+dZtKCQLXwgAsrfa9UzLnlAv3biPwlJNePfBMc7w2 SeJC83+8fvGmvY4s8JTvkBUnIS3JA3pFDMiQigOBz8DX4Fn4Mv4Tfwx8raRi0niekE+HPv6Uy3og=</latexi t><latexit sha1_base64="Ataz/+A6KalsjdqCcq6Zy HDrB+4=">AAAC6HicdVJNb9QwEHVCoSV8dIEjF6srEJeukqoSXJAquHAsqNtWWq9WjjO7a+rYkT2pWEX7C7hw ACGu/CRu/Bpwsmm7aWEkKy9v3vOMPU4LJR3G8e8gvLVx+87m1t3o3v0HD7d7jx4fO1NaAUNhlLGnKXegpIYh SlRwWljgeargJD17W+dPzsE6afQRLgoY53ym5VQKjp6a9P6w1KjMLXL/qT4s6WsasRRmUldpztHKT8uI+mDCu IrhHJAv6XMa+7XLnFddcIw1ujqRNIKW6IhWxvW9IgY6uyr1/9LFXNb+1Xbtz2WR3Q7dMcTrnTXddUtOev14ED dBb4KkBX3SxuGk94tlRpQ5aBSKOzdK4gLHFbcohQJ/hNJBwcUZn8HIQ81zcOOqGdSSPvNMRqfG+qWRNuy6o+K 5q2fhlb6/ubueq8l/5UYlTl+NK6mLEkGLVaFpqSgaWk+dZtKCQLXwgAsrfa9UzLnlAv3biPwlJNePfBMc7w2 SeJC83+8fvGmvY4s8JTvkBUnIS3JA3pFDMiQigOBz8DX4Fn4Mv4Tfwx8raRi0niekE+HPv6Uy3og=</latexi t><latexit sha1_base64="Ataz/+A6KalsjdqCcq6Zy HDrB+4=">AAAC6HicdVJNb9QwEHVCoSV8dIEjF6srEJeukqoSXJAquHAsqNtWWq9WjjO7a+rYkT2pWEX7C7hw ACGu/CRu/Bpwsmm7aWEkKy9v3vOMPU4LJR3G8e8gvLVx+87m1t3o3v0HD7d7jx4fO1NaAUNhlLGnKXegpIYh SlRwWljgeargJD17W+dPzsE6afQRLgoY53ym5VQKjp6a9P6w1KjMLXL/qT4s6WsasRRmUldpztHKT8uI+mDCu IrhHJAv6XMa+7XLnFddcIw1ujqRNIKW6IhWxvW9IgY6uyr1/9LFXNb+1Xbtz2WR3Q7dMcTrnTXddUtOev14ED dBb4KkBX3SxuGk94tlRpQ5aBSKOzdK4gLHFbcohQJ/hNJBwcUZn8HIQ81zcOOqGdSSPvNMRqfG+qWRNuy6o+K 5q2fhlb6/ubueq8l/5UYlTl+NK6mLEkGLVaFpqSgaWk+dZtKCQLXwgAsrfa9UzLnlAv3biPwlJNePfBMc7w2 SeJC83+8fvGmvY4s8JTvkBUnIS3JA3pFDMiQigOBz8DX4Fn4Mv4Tfwx8raRi0niekE+HPv6Uy3og=</latexi t><latexit sha1_base64="Ataz/+A6KalsjdqCcq6Zy HDrB+4=">AAAC6HicdVJNb9QwEHVCoSV8dIEjF6srEJeukqoSXJAquHAsqNtWWq9WjjO7a+rYkT2pWEX7C7hw ACGu/CRu/Bpwsmm7aWEkKy9v3vOMPU4LJR3G8e8gvLVx+87m1t3o3v0HD7d7jx4fO1NaAUNhlLGnKXegpIYh SlRwWljgeargJD17W+dPzsE6afQRLgoY53ym5VQKjp6a9P6w1KjMLXL/qT4s6WsasRRmUldpztHKT8uI+mDCu IrhHJAv6XMa+7XLnFddcIw1ujqRNIKW6IhWxvW9IgY6uyr1/9LFXNb+1Xbtz2WR3Q7dMcTrnTXddUtOev14ED dBb4KkBX3SxuGk94tlRpQ5aBSKOzdK4gLHFbcohQJ/hNJBwcUZn8HIQ81zcOOqGdSSPvNMRqfG+qWRNuy6o+K 5q2fhlb6/ubueq8l/5UYlTl+NK6mLEkGLVaFpqSgaWk+dZtKCQLXwgAsrfa9UzLnlAv3biPwlJNePfBMc7w2 SeJC83+8fvGmvY4s8JTvkBUnIS3JA3pFDMiQigOBz8DX4Fn4Mv4Tfwx8raRi0niekE+HPv6Uy3og=</latexi t>
✓ = arcsin vz
<latexit sha1_base64="3FjJIxoRXMvXFxiPkcf5zWs6Rhk=">AAAB/HicbVBNS8NAEN3Ur1q/o j16WSyCp5KIoBeh6MVjBfsBbQib7aZdutmE3UkhhvpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFultfWNza3ydmVnd2//wD48aus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxrczvzNhSvNYP kCWMC8iQ8lDTgkYyberfRgxINd9oqjmMp/4j1Pfrjl1Zw68StyC1FCBpm9/9QcxTSMmgQqidc91EvByooBTwaaVfqpZQuiYDFnPUEkipr18fvwUnxplgMNYmZKA5+rviZxEWmdRYDojAiO97M3E/7xeCu GVl3OZpMAkXSwKU4EhxrMk8IArRkFkhhCquLkV0xFRhILJq2JCcJdfXiXt87rr1N37i1rjpoijjI7RCTpDLrpEDXSHmqiFKMrQM3pFb9aT9WK9Wx+L1pJVzFTRH1ifP2DElTs=</latexit><latexit sha1_base64="3FjJIxoRXMvXFxiPkcf5zWs6Rhk=">AAAB/HicbVBNS8NAEN3Ur1q/o j16WSyCp5KIoBeh6MVjBfsBbQib7aZdutmE3UkhhvpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFultfWNza3ydmVnd2//wD48aus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxrczvzNhSvNYP kCWMC8iQ8lDTgkYyberfRgxINd9oqjmMp/4j1Pfrjl1Zw68StyC1FCBpm9/9QcxTSMmgQqidc91EvByooBTwaaVfqpZQuiYDFnPUEkipr18fvwUnxplgMNYmZKA5+rviZxEWmdRYDojAiO97M3E/7xeCu GVl3OZpMAkXSwKU4EhxrMk8IArRkFkhhCquLkV0xFRhILJq2JCcJdfXiXt87rr1N37i1rjpoijjI7RCTpDLrpEDXSHmqiFKMrQM3pFb9aT9WK9Wx+L1pJVzFTRH1ifP2DElTs=</latexit><latexit sha1_base64="3FjJIxoRXMvXFxiPkcf5zWs6Rhk=">AAAB/HicbVBNS8NAEN3Ur1q/o j16WSyCp5KIoBeh6MVjBfsBbQib7aZdutmE3UkhhvpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFultfWNza3ydmVnd2//wD48aus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxrczvzNhSvNYP kCWMC8iQ8lDTgkYyberfRgxINd9oqjmMp/4j1Pfrjl1Zw68StyC1FCBpm9/9QcxTSMmgQqidc91EvByooBTwaaVfqpZQuiYDFnPUEkipr18fvwUnxplgMNYmZKA5+rviZxEWmdRYDojAiO97M3E/7xeCu GVl3OZpMAkXSwKU4EhxrMk8IArRkFkhhCquLkV0xFRhILJq2JCcJdfXiXt87rr1N37i1rjpoijjI7RCTpDLrpEDXSHmqiFKMrQM3pFb9aT9WK9Wx+L1pJVzFTRH1ifP2DElTs=</latexit><latexit sha1_base64="3FjJIxoRXMvXFxiPkcf5zWs6Rhk=">AAAB/HicbVBNS8NAEN3Ur1q/o j16WSyCp5KIoBeh6MVjBfsBbQib7aZdutmE3UkhhvpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFultfWNza3ydmVnd2//wD48aus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxrczvzNhSvNYP kCWMC8iQ8lDTgkYyberfRgxINd9oqjmMp/4j1Pfrjl1Zw68StyC1FCBpm9/9QcxTSMmgQqidc91EvByooBTwaaVfqpZQuiYDFnPUEkipr18fvwUnxplgMNYmZKA5+rviZxEWmdRYDojAiO97M3E/7xeCu GVl3OZpMAkXSwKU4EhxrMk8IArRkFkhhCquLkV0xFRhILJq2JCcJdfXiXt87rr1N37i1rjpoijjI7RCTpDLrpEDXSHmqiFKMrQM3pFb9aT9WK9Wx+L1pJVzFTRH1ifP2DElTs=</latexit>
  = arctan
vy
vx
<latexit sha1_base64="frkO6zLYXsshbvDEHQR4g7TMh/k=">AAACBnicbVDLSsNAFJ34rPUVdS lCsAiuSiKCboSiG5cV7AOaEG6mk3boZBJmJsUQsnLjr7hxoYhbv8Gdf+O0zUJbD9zL4Zx7mbknSBiVyra/jaXlldW19cpGdXNre2fX3NtvyzgVmLRwzGLRDUASRjlpKaoY6SaCQBQw0glGNxO/MyZC0pjfq ywhXgQDTkOKQWnJN4/cZEivXBBYAc/dUADOx35W6PZQFL5Zs+v2FNYicUpSQyWavvnl9mOcRoQrzEDKnmMnystBKIoZKapuKkkCeAQD0tOUQ0Skl0/PKKwTrfStMBa6uLKm6u+NHCIpsyjQkxGooZz3JuJ/X i9V4aWXU56kinA8eyhMmaVia5KJ1aeCYMUyTQALqv9q4SHoKJROrqpDcOZPXiTts7pj152781rjuoyjgg7RMTpFDrpADXSLmqiFMHpEz+gVvRlPxovxbnzMRpeMcucA/YHx+QPJq5n3</latexit><latexit sha1_base64="frkO6zLYXsshbvDEHQR4g7TMh/k=">AAACBnicbVDLSsNAFJ34rPUVdS lCsAiuSiKCboSiG5cV7AOaEG6mk3boZBJmJsUQsnLjr7hxoYhbv8Gdf+O0zUJbD9zL4Zx7mbknSBiVyra/jaXlldW19cpGdXNre2fX3NtvyzgVmLRwzGLRDUASRjlpKaoY6SaCQBQw0glGNxO/MyZC0pjfq ywhXgQDTkOKQWnJN4/cZEivXBBYAc/dUADOx35W6PZQFL5Zs+v2FNYicUpSQyWavvnl9mOcRoQrzEDKnmMnystBKIoZKapuKkkCeAQD0tOUQ0Skl0/PKKwTrfStMBa6uLKm6u+NHCIpsyjQkxGooZz3JuJ/X i9V4aWXU56kinA8eyhMmaVia5KJ1aeCYMUyTQALqv9q4SHoKJROrqpDcOZPXiTts7pj152781rjuoyjgg7RMTpFDrpADXSLmqiFMHpEz+gVvRlPxovxbnzMRpeMcucA/YHx+QPJq5n3</latexit><latexit sha1_base64="frkO6zLYXsshbvDEHQR4g7TMh/k=">AAACBnicbVDLSsNAFJ34rPUVdS lCsAiuSiKCboSiG5cV7AOaEG6mk3boZBJmJsUQsnLjr7hxoYhbv8Gdf+O0zUJbD9zL4Zx7mbknSBiVyra/jaXlldW19cpGdXNre2fX3NtvyzgVmLRwzGLRDUASRjlpKaoY6SaCQBQw0glGNxO/MyZC0pjfq ywhXgQDTkOKQWnJN4/cZEivXBBYAc/dUADOx35W6PZQFL5Zs+v2FNYicUpSQyWavvnl9mOcRoQrzEDKnmMnystBKIoZKapuKkkCeAQD0tOUQ0Skl0/PKKwTrfStMBa6uLKm6u+NHCIpsyjQkxGooZz3JuJ/X i9V4aWXU56kinA8eyhMmaVia5KJ1aeCYMUyTQALqv9q4SHoKJROrqpDcOZPXiTts7pj152781rjuoyjgg7RMTpFDrpADXSLmqiFMHpEz+gVvRlPxovxbnzMRpeMcucA/YHx+QPJq5n3</latexit><latexit sha1_base64="frkO6zLYXsshbvDEHQR4g7TMh/k=">AAACBnicbVDLSsNAFJ34rPUVdS lCsAiuSiKCboSiG5cV7AOaEG6mk3boZBJmJsUQsnLjr7hxoYhbv8Gdf+O0zUJbD9zL4Zx7mbknSBiVyra/jaXlldW19cpGdXNre2fX3NtvyzgVmLRwzGLRDUASRjlpKaoY6SaCQBQw0glGNxO/MyZC0pjfq ywhXgQDTkOKQWnJN4/cZEivXBBYAc/dUADOx35W6PZQFL5Zs+v2FNYicUpSQyWavvnl9mOcRoQrzEDKnmMnystBKIoZKapuKkkCeAQD0tOUQ0Skl0/PKKwTrfStMBa6uLKm6u+NHCIpsyjQkxGooZz3JuJ/X i9V4aWXU56kinA8eyhMmaVia5KJ1aeCYMUyTQALqv9q4SHoKJROrqpDcOZPXiTts7pj152781rjuoyjgg7RMTpFDrpADXSLmqiFMHpEz+gVvRlPxovxbnzMRpeMcucA/YHx+QPJq5n3</latexit>
q =
⇥
R 1k00R
⇤| {z }
k
rT
<latexit sha1_base64="i4QZX0XovBwEwrDv4wn00zSWGQ4=">AAACYnicbVE9T8M wEHXCVylfBUYYLCoEC1WCkGBBqmBhBEQBqQmV41xaq44T7AtSFeVPsjGx8ENwSwdaeJLlp3fvdOfnKJfCoOd9OO7C4tLySm21vra+sbnV2N55NFmhOXR4JjP9HDEDUijooEA Jz7kGlkYSnqLh9bj+9AbaiEw94CiHMGV9JRLBGVqp1xgFUSZjM0rtVb5W9JIGhYpBR5pxKAMJCXbpb8999VKe+NWMNqyOjuZMNNCiP8Cw6pWzzipQLJKMPvQaTa/lTUD/En9K mmSK217jPYgzXqSgkEtmTNf3cgxLplFwCVU9KAzkjA9ZH7qWKpaCCctJRBU9tEpMk0zbo5BO1N8dJUvNeEfrTBkOzHxtLP5X6xaYXISlUHmBoPjPoKSQFDM6zpvGQgNHObKE cS3srpQPmE0X7a/UbQj+/JP/ksfTlu+1/LuzZvtqGkeN7JEDckx8ck7a5Ibckg7h5NNZcjadLefLrbvb7u6P1XWmPbtkBu7+N0gKudo=</latexit><latexit sha1_base64="i4QZX0XovBwEwrDv4wn00zSWGQ4=">AAACYnicbVE9T8M wEHXCVylfBUYYLCoEC1WCkGBBqmBhBEQBqQmV41xaq44T7AtSFeVPsjGx8ENwSwdaeJLlp3fvdOfnKJfCoOd9OO7C4tLySm21vra+sbnV2N55NFmhOXR4JjP9HDEDUijooEA Jz7kGlkYSnqLh9bj+9AbaiEw94CiHMGV9JRLBGVqp1xgFUSZjM0rtVb5W9JIGhYpBR5pxKAMJCXbpb8999VKe+NWMNqyOjuZMNNCiP8Cw6pWzzipQLJKMPvQaTa/lTUD/En9K mmSK217jPYgzXqSgkEtmTNf3cgxLplFwCVU9KAzkjA9ZH7qWKpaCCctJRBU9tEpMk0zbo5BO1N8dJUvNeEfrTBkOzHxtLP5X6xaYXISlUHmBoPjPoKSQFDM6zpvGQgNHObKE cS3srpQPmE0X7a/UbQj+/JP/ksfTlu+1/LuzZvtqGkeN7JEDckx8ck7a5Ibckg7h5NNZcjadLefLrbvb7u6P1XWmPbtkBu7+N0gKudo=</latexit><latexit sha1_base64="i4QZX0XovBwEwrDv4wn00zSWGQ4=">AAACYnicbVE9T8M wEHXCVylfBUYYLCoEC1WCkGBBqmBhBEQBqQmV41xaq44T7AtSFeVPsjGx8ENwSwdaeJLlp3fvdOfnKJfCoOd9OO7C4tLySm21vra+sbnV2N55NFmhOXR4JjP9HDEDUijooEA Jz7kGlkYSnqLh9bj+9AbaiEw94CiHMGV9JRLBGVqp1xgFUSZjM0rtVb5W9JIGhYpBR5pxKAMJCXbpb8999VKe+NWMNqyOjuZMNNCiP8Cw6pWzzipQLJKMPvQaTa/lTUD/En9K mmSK217jPYgzXqSgkEtmTNf3cgxLplFwCVU9KAzkjA9ZH7qWKpaCCctJRBU9tEpMk0zbo5BO1N8dJUvNeEfrTBkOzHxtLP5X6xaYXISlUHmBoPjPoKSQFDM6zpvGQgNHObKE cS3srpQPmE0X7a/UbQj+/JP/ksfTlu+1/LuzZvtqGkeN7JEDckx8ck7a5Ibckg7h5NNZcjadLefLrbvb7u6P1XWmPbtkBu7+N0gKudo=</latexit><latexit sha1_base64="i4QZX0XovBwEwrDv4wn00zSWGQ4=">AAACYnicbVE9T8M wEHXCVylfBUYYLCoEC1WCkGBBqmBhBEQBqQmV41xaq44T7AtSFeVPsjGx8ENwSwdaeJLlp3fvdOfnKJfCoOd9OO7C4tLySm21vra+sbnV2N55NFmhOXR4JjP9HDEDUijooEA Jz7kGlkYSnqLh9bj+9AbaiEw94CiHMGV9JRLBGVqp1xgFUSZjM0rtVb5W9JIGhYpBR5pxKAMJCXbpb8999VKe+NWMNqyOjuZMNNCiP8Cw6pWzzipQLJKMPvQaTa/lTUD/En9K mmSK217jPYgzXqSgkEtmTNf3cgxLplFwCVU9KAzkjA9ZH7qWKpaCCctJRBU9tEpMk0zbo5BO1N8dJUvNeEfrTBkOzHxtLP5X6xaYXISlUHmBoPjPoKSQFDM6zpvGQgNHObKE cS3srpQPmE0X7a/UbQj+/JP/ksfTlu+1/LuzZvtqGkeN7JEDckx8ck7a5Ibckg7h5NNZcjadLefLrbvb7u6P1XWmPbtkBu7+N0gKudo=</latexit>
13
APPLICATION TO
MATERIALS
Parametric Study
Artificial Straight Fibers 2D Weave 3D Weave
14
Methods’ Inputs
Solver Tolerance
Artificial Flux (AF)
Kernel window sizes:
1.
2.
rI (x) = r(  ⇤ I(x))
<latexit sha1_base64="DH8d gvGXYaDa9LnhgX2igOiAkps=">AAACFnicbZDLSgMxFIYz9Vbrb dSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hx oYhbcefbmLaz0NYfAj/fOYeT8/sRZ0o7zreVWVpeWV3Lruc2Nr e2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuq VQsFHd6FNF2AH3BeoyANqhjn3gCfA640kk8xfoBjAsPRXyFU1yY QXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJ SM8LpOOfFikZAhtCnLWMFBFS1k+lZY3xkSBf3Qmme0HhKf08kEC g1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0 XxkDBDJzF8xGYAEok2SOROCO3/yoqmfllyn5N6e5cuXaRxZdIAO UQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1 yonOg=</latexit><latexit sha1_base64="DH8d gvGXYaDa9LnhgX2igOiAkps=">AAACFnicbZDLSgMxFIYz9Vbrb dSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hx oYhbcefbmLaz0NYfAj/fOYeT8/sRZ0o7zreVWVpeWV3Lruc2Nr e2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuq VQsFHd6FNF2AH3BeoyANqhjn3gCfA640kk8xfoBjAsPRXyFU1yY QXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJ SM8LpOOfFikZAhtCnLWMFBFS1k+lZY3xkSBf3Qmme0HhKf08kEC g1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0 XxkDBDJzF8xGYAEok2SOROCO3/yoqmfllyn5N6e5cuXaRxZdIAO UQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1 yonOg=</latexit><latexit sha1_base64="DH8d gvGXYaDa9LnhgX2igOiAkps=">AAACFnicbZDLSgMxFIYz9Vbrb dSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hx oYhbcefbmLaz0NYfAj/fOYeT8/sRZ0o7zreVWVpeWV3Lruc2Nr e2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuq VQsFHd6FNF2AH3BeoyANqhjn3gCfA640kk8xfoBjAsPRXyFU1yY QXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJ SM8LpOOfFikZAhtCnLWMFBFS1k+lZY3xkSBf3Qmme0HhKf08kEC g1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0 XxkDBDJzF8xGYAEok2SOROCO3/yoqmfllyn5N6e5cuXaRxZdIAO UQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1 yonOg=</latexit><latexit sha1_base64="DH8d gvGXYaDa9LnhgX2igOiAkps=">AAACFnicbZDLSgMxFIYz9Vbrb dSlm2ARWsEyI4IuFApu7K6CvUCnlDNp2oZmMkOSEcvQp3Djq7hx oYhbcefbmLaz0NYfAj/fOYeT8/sRZ0o7zreVWVpeWV3Lruc2Nr e2d+zdvboKY0lojYQ8lE0fFOVM0JpmmtNmJCkEPqcNf3g9qTfuq VQsFHd6FNF2AH3BeoyANqhjn3gCfA640kk8xfoBjAsPRXyFU1yY QXyMK4YXO3beKTlT4UXjpiaPUlU79pfXDUkcUKEJB6VarhPpdgJ SM8LpOOfFikZAhtCnLWMFBFS1k+lZY3xkSBf3Qmme0HhKf08kEC g1CnzTGYAeqPnaBP5Xa8W6d9FOmIhiTQWZLerFHOsQTzLCXSYp0 XxkDBDJzF8xGYAEok2SOROCO3/yoqmfllyn5N6e5cuXaRxZdIAO UQG56ByV0Q2qohoi6BE9o1f0Zj1ZL9a79TFrzVjpzD76I+vzB1 yonOg=</latexit>
Structure tensor (ST)
J⇢(x) = ⇢ ⇤ (rI rIT  )
<latexit sha1_base64="AuFq A3Mg1wTXnC3LB/doGcrA08Q=">AAACJnicbZDLSgMxFIYz9Vbrr erSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3Hj oiLizkcxvSy09UDg4//P4eT8fsSZ0rb9ZaVWVtfWN9Kbma3tnd 297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqF QtFVQ8j6gXQE6zLCGgjtbOlu3biyn44yj8VcAlPEJ/ivCvA54Bv jalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrU cO9JeAlIzwuko48aKRkAG0KMtgwICqrxkeuYInxilg7uhNE9oPF V/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTz HCHSUo0HxoAIpn5KyZ9kEC0STZjQnAWT16G+lnRsYvO/XmufDWP I42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH /K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFq A3Mg1wTXnC3LB/doGcrA08Q=">AAACJnicbZDLSgMxFIYz9Vbrr erSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3Hj oiLizkcxvSy09UDg4//P4eT8fsSZ0rb9ZaVWVtfWN9Kbma3tnd 297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqF QtFVQ8j6gXQE6zLCGgjtbOlu3biyn44yj8VcAlPEJ/ivCvA54Bv jalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrU cO9JeAlIzwuko48aKRkAG0KMtgwICqrxkeuYInxilg7uhNE9oPF V/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTz HCHSUo0HxoAIpn5KyZ9kEC0STZjQnAWT16G+lnRsYvO/XmufDWP I42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH /K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFq A3Mg1wTXnC3LB/doGcrA08Q=">AAACJnicbZDLSgMxFIYz9Vbrr erSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3Hj oiLizkcxvSy09UDg4//P4eT8fsSZ0rb9ZaVWVtfWN9Kbma3tnd 297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqF QtFVQ8j6gXQE6zLCGgjtbOlu3biyn44yj8VcAlPEJ/ivCvA54Bv jalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrU cO9JeAlIzwuko48aKRkAG0KMtgwICqrxkeuYInxilg7uhNE9oPF V/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTz HCHSUo0HxoAIpn5KyZ9kEC0STZjQnAWT16G+lnRsYvO/XmufDWP I42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH /K+v4BgYqj8w==</latexit><latexit sha1_base64="AuFq A3Mg1wTXnC3LB/doGcrA08Q=">AAACJnicbZDLSgMxFIYz9Vbrr erSTbAIrYsyI4IuLBTcqKsKvUFnLGfStA3NZIYkI5ahT+PGV3Hj oiLizkcxvSy09UDg4//P4eT8fsSZ0rb9ZaVWVtfWN9Kbma3tnd 297P5BXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJ74jUcqF QtFVQ8j6gXQE6zLCGgjtbOlu3biyn44yj8VcAlPEJ/ivCvA54Bv jalYL4ARXlYeqoV2NmcX7WnhZXDmkEPzqrSzY7cTkjigQhMOSrU cO9JeAlIzwuko48aKRkAG0KMtgwICqrxkeuYInxilg7uhNE9oPF V/TyQQKDUMfNMZgO6rRW8i/ue1Yt299BImolhTQWaLujHHOsSTz HCHSUo0HxoAIpn5KyZ9kEC0STZjQnAWT16G+lnRsYvO/XmufDWP I42O0DHKIwddoDK6QRVUQwQ9o1c0Ru/Wi/VmfVifs9aUNZ85RH /K+v4BgYqj8w==</latexit>
Ray Casting (RC)
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<latex it sha1_base 64="EBmq+uo CmapP/k7QJem WkMsz5wA=">A AACPnicbVC7 SgNBFJ31GeMr amkzGISIGHa jaBohaGMlEcw DsjHMTmaTIbM PZu4KYdkvs/ Eb7CxtLBSxtX SSbGESDwwcz jmXO/c4oeAKT PPVWFhcWl5Zz axl1zc2t7Zz O7t1FUSSshoN RCCbDlFMcJ/ VgINgzVAy4jm CNZzB9chvPDK peODfwzBkbY /0fO5ySkBLnV ztFl9iWzAXC rYrCY2tsvkQ2 5RLmiRx1w4VT 04sW/JeH46m gqfnc8E0dlzq 5PJm0RwDzxM rJXmUotrJvdj dgEYe84EKol TLMkNox0QCp4 IlWTtSLCR0QH qspalPPKba8 fj8BB9qpYvdQ OrnAx6rfydi 4ik19Byd9Aj0 1aw3Ev/zWhG4 5XbM/TAC5tP JIjcSGAI86hJ 3uWQUxFATQi XXf8W0T3Q5oB vP6hKs2ZPnSb 1UtMyidXeWr 1yldWTQPjpAB WShC1RBN6iK aoiiJ/SGPtCn 8Wy8G1/G9yS6 YKQze2gKxs8 v8oCvBw==</l atexit><latex it sha1_base 64="EBmq+uo CmapP/k7QJem WkMsz5wA=">A AACPnicbVC7 SgNBFJ31GeMr amkzGISIGHa jaBohaGMlEcw DsjHMTmaTIbM PZu4KYdkvs/ Eb7CxtLBSxtX SSbGESDwwcz jmXO/c4oeAKT PPVWFhcWl5Zz axl1zc2t7Zz O7t1FUSSshoN RCCbDlFMcJ/ VgINgzVAy4jm CNZzB9chvPDK peODfwzBkbY /0fO5ySkBLnV ztFl9iWzAXC rYrCY2tsvkQ2 5RLmiRx1w4VT 04sW/JeH46m gqfnc8E0dlzq 5PJm0RwDzxM rJXmUotrJvdj dgEYe84EKol TLMkNox0QCp4 IlWTtSLCR0QH qspalPPKba8 fj8BB9qpYvdQ OrnAx6rfydi 4ik19Byd9Aj0 1aw3Ev/zWhG4 5XbM/TAC5tP JIjcSGAI86hJ 3uWQUxFATQi XXf8W0T3Q5oB vP6hKs2ZPnSb 1UtMyidXeWr 1yldWTQPjpAB WShC1RBN6iK aoiiJ/SGPtCn 8Wy8G1/G9yS6 YKQze2gKxs8 v8oCvBw==</l atexit><latex it sha1_base 64="EBmq+uo CmapP/k7QJem WkMsz5wA=">A AACPnicbVC7 SgNBFJ31GeMr amkzGISIGHa jaBohaGMlEcw DsjHMTmaTIbM PZu4KYdkvs/ Eb7CxtLBSxtX SSbGESDwwcz jmXO/c4oeAKT PPVWFhcWl5Zz axl1zc2t7Zz O7t1FUSSshoN RCCbDlFMcJ/ VgINgzVAy4jm CNZzB9chvPDK peODfwzBkbY /0fO5ySkBLnV ztFl9iWzAXC rYrCY2tsvkQ2 5RLmiRx1w4VT 04sW/JeH46m gqfnc8E0dlzq 5PJm0RwDzxM rJXmUotrJvdj dgEYe84EKol TLMkNox0QCp4 IlWTtSLCR0QH qspalPPKba8 fj8BB9qpYvdQ OrnAx6rfydi 4ik19Byd9Aj0 1aw3Ev/zWhG4 5XbM/TAC5tP JIjcSGAI86hJ 3uWQUxFATQi XXf8W0T3Q5oB vP6hKs2ZPnSb 1UtMyidXeWr 1yldWTQPjpAB WShC1RBN6iK aoiiJ/SGPtCn 8Wy8G1/G9yS6 YKQze2gKxs8 v8oCvBw==</l atexit><latex it sha1_base 64="EBmq+uo CmapP/k7QJem WkMsz5wA=">A AACPnicbVC7 SgNBFJ31GeMr amkzGISIGHa jaBohaGMlEcw DsjHMTmaTIbM PZu4KYdkvs/ Eb7CxtLBSxtX SSbGESDwwcz jmXO/c4oeAKT PPVWFhcWl5Zz axl1zc2t7Zz O7t1FUSSshoN RCCbDlFMcJ/ VgINgzVAy4jm CNZzB9chvPDK peODfwzBkbY /0fO5ySkBLnV ztFl9iWzAXC rYrCY2tsvkQ2 5RLmiRx1w4VT 04sW/JeH46m gqfnc8E0dlzq 5PJm0RwDzxM rJXmUotrJvdj dgEYe84EKol TLMkNox0QCp4 IlWTtSLCR0QH qspalPPKba8 fj8BB9qpYvdQ OrnAx6rfydi 4ik19Byd9Aj0 1aw3Ev/zWhG4 5XbM/TAC5tP JIjcSGAI86hJ 3uWQUxFATQi XXf8W0T3Q5oB vP6hKs2ZPnSb 1UtMyidXeWr 1yldWTQPjpAB WShC1RBN6iK aoiiJ/SGPtCn 8Wy8G1/G9yS6 YKQze2gKxs8 v8oCvBw==</l atexit>
Mean Angular Error
Methods’ Performance
Results on Artificial Fibrous Samples
15
Increasing fiber radius
Artificial
Flux (AF)
Structure 
Tensor (ST)
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Results on Artificial Woven Samples
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Structure 
Tensor (ST)
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*1 J. M. L. MacNeil, D. M. Ushizima, F. Panerai, N. N. Mansour, H. S. Barnard, D. Y. Parkinson, 
Interactive volumetric segmentation for textile micro-tomography data using wavelets and nonlocal 
means, Statistical Analysis and Data Mining: The ASA Data Science Journal 12 (4) (2019) 338–353
Segmented
ADEPT weave
Summary
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1. Ray Casting:
Ø Performs well on artificial straight fibers  ( -~3 − 5° ) and similar to other
methods on binarized woven structures ( -~10 − 15° ). Slight improvement
in new workflow ( -~9° )
Ø Limitation: affected by large fiber curvatures and computational expensive
2. Artificial Flux:
Ø Easy to use because independent on inputs. Performs similar to other
methods on binarized weaves ( -~15° ). Very accurate when using new
workflow for woven materials ( -~1 − 3° )
Ø Limitation: Performs poorly on artificial straight fibers due to regions not
being in the path of heat flux through the material ( -~15 − 20° )
3. Structure Tensor: 
Ø Performs effectively on artificial straight fibers ( -~1 − 5° ) and similar to
other methods on binarized weaves ( -~20° ). Very accurate when using
new workflow for woven materials ( -~1 − 2° )
Ø Limitation: hard to define optimal window a priori. For high resolutions,
window must be sufficiently large, which can be very expensive
